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Abstract. The study of mechanical systems on Lie algebroids permits
an understanding of the dynamics described by a Lagrangian or Hamil-
tonian function for a wide range of mechanical systems in a unified
framework. Systems defined in tangent bundles, Lie algebras, principal
bundles, reduced systems and constrained are included in such descrip-
tion.
In this paper, we investigate how to derive the dynamics associated
with a Lagrangian system defined on the set of admissible elements of a
given Lie algebroid using Tulczyjew’s triple on Lie algebroids and con-
structing a Lagrangian Lie subalgebroid of a symplectic Lie algebroid,
by building on the geometric formalism for mechanics on Lie algebroids
developed by M. de Leo´n, J.C. Marrero and E. Mart´ınez on “Lagrangian
submanifolds and dynamics on Lie algebroids”.
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1. Introduction
Lie algebroids have deserved a lot of interest in the last decades in the field of
Geometric Mechanics since these spaces generalize the traditional framework
of tangent bundles to more general situations (Lie algebras, principal bun-
dles, semi-direct products), including, for instance, systems with symmetries
and constrained [15], [16], [22], [26]. If a Lagrangian specifying the dynamics
of a mechanical systems is given, and it is invariant under a Lie group of
symmetries, the description of the system relies on the geometry of a quo-
tient space under the action of the Lie group and the dynamics is governed
by Lagrange-Poincare´ equations. In that sense, Weinstein [35] showed that
the common geometrical structure of the Lagrange-Poincare´ equations in me-
chanics is the same as the one for Euler-Lagrange equations, a Lie algreborid
structure.
In the recent years, the study of higher-order mechanics, and in particu-
lar second-order mechanics, have been growing by their relevant applications
to interpolation problems, optimal control, trajectory planning of vehicles,
computational anatomy among others [1], [5], [6], [7], [8], [23], [30]. The ge-
ometrical description of higher-order mechanical systems on Lie algebroids
have been recently studied by the interest in the applications mentioned be-
fore and its subjacent geometry [2], [3], [18], [19], [29].
Part of the question how to deal with second order systems on Lie al-
gebroids is what they really are. In the literature there are essentially two
concepts of higher order mechanical systems on Lie algebroids. The first one,
due to Mart´ınez and collaborators, uses the language of Lie algebroid pro-
longations both for first and higher order systems [28], [29]; the second, due
to Grabowski and collaborators [2], [3], [15] uses the concept of Tulczyjew
triple and geometry of graded bundles (see [17] for a recent work attending
this question). In this work we study the unification of both approaches of
higher-order mechanics on Lie algebroids for second-order Lagrangian sys-
tems into a symplectic framework by understanding the derivation of the
dynamics using a Lagrangian Lie subalgebroid of a symplectic Lie algebroid
based, and building, on the work done by de Leo´n, Marrero and Mart´ınez in
[21]. In such a work the authors propose an interpretation of the equations
of motions based in the construction of a Tulczyjew triple in prolongations
of Lie algebroids which consists of three prolongations of Lie algebroids re-
taining the dynamics into a symplectic framework that does not depends on
the choice of the Lagrangian and its regularity, and moreover, it connect all
the symplectic structures of the symplectic Lie algebroids that appear in the
triple by symplectomorphisms.
The ideas behind this triple have been extended to other general struc-
tures different than Lie algebroids as Dirac structures [14] and to more gen-
eral classes of systems such as field theories [4], [13], Lie groups [10], [11] and
reduced systems [12], [36].
The main source of inspiration for the idea behind the construction in
this paper is the construction for the tangent bundle version developed by
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de Leo´n and Lacomba [20] using Lagrangian submanifolds to obtain the dy-
namics associated with higher-orger Lagrangian systems. This work is also
inspired by recent developments on mechanics on a prolongation Lie alge-
broids for the construction of geometric numerical methods [25].
In Section 2 we recall the geometric structures we will use in the work,
more precisely, prolongations of Lie algebroids, symplectic Lie algebroids, Lie
subalgebroids, and the set of admissible elements. Next, in Section 3 we in-
troduce a Lagrangian Lie subalgebroid and the extension of the Tulczyjew
triple to prolongation of Lie algebroids. Based on those objects we derive
the corresponding dynamics for second-order Lagrangian systems. Some ex-
amples are explored in Section 4 to show how to interpret the dynamics of
second-order Lagrangian systems in the proposed framework.
2. Preliminaries
Let A be a Lie algebroid of rank n over a smooth manifold M of dimension
m. That is, A is a real vector bundle τA : A→M together with a Lie bracket
[[·, ·]] defined on the C∞(M)-module Γ(τA) of sections of A, and a fiber map
ρ : A→ TM called anchor map.
Along the paper, we denote by (xi), i = 1, . . . , n, local coordinates on
an open subset U of M . Given a local basis {eα} of sections of A, α =
1, . . . ,m; ρiα denotes the components of the anchor map ρ with respect to
this basis. The basis {eα} together with the local coordinates (x
i) induces
local coordinates (xi, yα) on A where each a ∈ A is given in such a basis as
e = y1e1(τA(a)) + . . .+ y
mem(τA(a)).
2.1. Prolongation of a Lie algebroid
The prolongation of a Lie algebroid over a smooth map f : M ′ → M is
defined by
T fA :=
⋃
m∈M ′
Aρ ×Tf TmM
′ =
⋃
m∈M ′
{(b, v′) ∈ A× TmM
′ | ρ(b) = (Tf)(v′)},
where Tf : TM ′ → TM denotes the tangent map to f. In particular, the
prolongation of a Lie algebroid A over its canonical projection τA : A→M ,
is given by
E := T τAA =
⋃
a∈A
Aρ×TτATaA =
⋃
a∈A
{(b, va) ∈ A×TaA | ρ(b) = (TaτA)(va)}.
E is a Lie algebroid over A of rank 2n, with vector bundle projection τ1A :
E → A, the projection over the first factor; and anchor map determined by
ρτ1
A
:= pr2 : E → TA, the projection onto the second factor. The bracket of
sections on E is denoted by [[·, ·]]τ1
A
(see [28] for more details). E can be also
seen as a subset of A×A× TA and rewritten as
E = {(a, b, va) ∈ A×A×TA | ρ(b) = (TτA)(va), va ∈ TaA and τA(a) = τA(b)}.
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Therefore, if (a, b, va) ∈ E, then
ρτ1A(a, b, va) = (a, va) ∈ TaA, and τ
1
A(a, b, va) = a ∈ A.
A local basis of sections of E, denoted by {Xα,Vα}, is given by
Xα(e) =
(
eα(τA(e)), ρ
i
α
∂
∂xi
∣∣∣
e
)
, Vα(e) =
(
0,
∂
∂yα
∣∣∣
e
)
, (1)
for e ∈ (τA)
−1(U). The former basis of sections induces local coordinates
(xi, yα; zα, vα) on E and it determines the local structure of (E, [[·, ·]]τ1
A
, ρτ1
A
)
(see [28] for further details).
Consider the vector bundle projection τA∗ : A
∗ →M of the dual vector
bundle A∗ of A and the prolongation T τA∗A of A over τA∗ which is defined
by
E∗ := T τA∗A = {(b, v) ∈ A× TA∗ | ρ(b) = (TτA∗)(v)},
Alternatively E∗ can be seen as a subset of A∗ ×A× TA∗ given by
E∗ = {(a∗, b, va∗) ∈ A
∗ ×A× TA∗ | ρ(b) = (TτA∗)(va∗),
va∗ ∈ TaA
∗, τA∗(a
∗) = τA(b)}.
The prolongation E∗ is a Lie algebroid over A∗ of rank 2n, with canon-
ical projection denoted by τ1A∗ := pr1 : E
∗ → A∗, given the projection over
the first factor as bundle projection and anchor map denoted by ρτ1
A∗
: E∗ →
TA∗.
If {eα} is the dual basis of {eα}, then {Yα,P
α} is a basis of sections of
the vector bundle E∗, where
Yα(e
∗) =
(
eα(τA∗(e
∗)), ρiα
∂
∂xi
∣∣∣
e∗
)
, Pα(e∗) =
(
0,
∂
∂pα
∣∣∣
e∗
)
, (2)
for e∗ ∈ (τA∗)
−1(U). Here, (xi, pα) are local coordinates on A
∗ induced by
the local coordinates (xi) and the basis {eα}. Using the basis {Yα,P
α},
it is possible to induce local coordinates (xi, yα; pα, p¯α) on E
∗ . If ω∗ is a
point of (τ1A∗)
−1((τA∗)
−1(U)), then (xi, pα) are the coordinates of the point
τ1A∗(ω
∗) ∈ τ−1A∗ (U) and
ω∗ = yαYα(τ
1
A∗(ω
∗)) + p¯αP
α(τ1A∗(ω
∗)).
Besides that, this basis allows us to provide the local structure of the Lie
algebroid E∗, (see [21] for the derivation of local expressions of the bracket
and anchor map on E∗).
2.2. Symplectic Lie algebroids and Lie subalgebroids
In this subsection we regard some results given in [21] on symplectic Lie
algebroids and Lie subalgebroids.
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2.2.1. The canonical symplectic structure of the Lie algebroid E∗. Consider
λA the Liouville section of E
∗, which is defined in such way that, if a∗ ∈ A∗
and (b, v) is a point of the fiber of E∗ over a∗, then λA(a
∗)(b, v) = a∗(b).
The 2-section on E∗ defined by ΩA := −d
E∗λA, is non-degenerate sat-
isfying dE
∗
ΩA = 0, that is, ΩA is a symplectic section of the Lie algebroid
E∗, called canonical symplectic section (see [21] for instance). In local coor-
dinates, ΩA = Y
α ∧ Pα +
1
2C
γ
αβY
α ∧ Yβ , where {Yα,Pα} is the dual basis
of the basis {Yα,P
α} and Cγαβ denotes the constant structures of the Lie
bracket[[·, ·]] with respect to the basis {eα}.
2.2.2. Symplectic Lie algebroid and Lagrangian Lie subalgebroids. Next, we
review the notion of symplectic Lie algebroid following [21]:
Definition 2.1. A Lie algebroid (A, [[·, ·]], ρ) over a manifold M is said to be
symplectic if admits a symplectic section Ω, that is, a section of the vector
bundle
∧2
A∗ →M , such that:
(i) For all x ∈ M, the 2-form Ωx : Ax ×Ax → R in the vector space Ax is
nondegenerate; and
(ii) Ω is a 2-cocycle, that is, dAΩ = 0, with dA denoting the differential of
A.
A notable example of a symplectic Lie algebroid is (E∗, [[·, ·]]τ1
A∗
, ρτ1
A∗
)
with the canonical symplectic section ΩA.
We recall that if A is a symplectic Lie algebroid with symplectic section
Ω then the prolongation E of A over the vector bundle projection τA : A→
M is a symplectic Lie algebroid with symplectic section determined by the
complete lift of Ω.
Remark 1. If (M,ΩTM ) is a symplectic manifold, then E
∗ = T (T ∗M) is a Lie
algebroid over A = TM . In this case, the Liouville section and the canonical
symplectic section of E∗ are, respectively, λA = λTM the usual Liouville
1−form on T ∗M and ΩA = ΩTM the canonical symplectic 2−form on the
cotangent bundle T ∗M. Moreover, the tangent bundle of M is a symplectic
Lie algebroid and the complete lift ΩcTM of ΩTM to TM is a symplectic
2-form on TM.
2.2.3. Lagrangian Lie subalgebroids. Now, we are interested in the notion of
a Lagrangian Lie subalgebroid of a symplectic Lie algebroid.
Definition 2.2. Let (A, [[·, ·]]A, ρ) be a Lie algebroid over a manifold M and N
a submanifold of M . A Lie subalgebroid of A over N is a vector subbundle
F of A over N , such that, ρF = ρ |F : F → TN is well defined; and given
X,Y ∈ Γ(F ) and X˜, Y˜ ∈ Γ(A) arbitrary extensions of X,Y , respectively,
([[X˜, Y˜ ]]A) |N∈ Γ(F ).
The maps i and j denote the canonical inclusions of F to A and N to
M , respectively. We say that j : F → A, i : N →M is a Lie subalgebroid of
the vector bundle projection τA : A→M .
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Definition 2.3. Let (A, [[·, ·]], ρ) be a symplectic Lie algebroid with symplectic
section Ω and j : F → A, i : N →M a Lie subalgebroid. The Lie subalgebroid
is said to be Lagrangian if j(Fx) is a Lagrangian subspace of the symplectic
vector space (Ai(x),Ωi(x)), for all x ∈ N .
Observe that definition 2.3 implies the following:
1. rankF =
1
2
rankA; and
2. (Ω(i(x)))|j(Fx)×j(Fx) = 0, for all x ∈ N.
Remark 2. If M is a symplectic manifold, S a submanifold of M and i : S →
M the canonical inclusion, then the standard Lie algebroid τTM : TM →M
is symplectic and i : S → M , j = T i : TS → TM is a Lie subalgebroid of
τTM : TM → M . Furthermore, S is a Lagrangian submanifold of M if and
only if the Lie subalgebroid i : S →M, j = T i : TS → TM of τM : TM →M
is Lagrangian.
2.3. Admissible elements
A curve γ : I ⊂ R → A is said to be admissible if (γ(t), γ˙(t)) ∈ Eγ(t), for all
t ∈ I. Locally, we have that γ(t) = (xi(t), yα(t)) is an admissible curve if and
only if
dxi
dt
= ρiαy
α, for i ∈ {1, . . . ,m}.
In other words, γ : I ⊂ R → A is said to be admissible if and only if
d
dt
(τA ◦ γ) = ρ ◦ γ.
Definition 2.4. Let (A, [[·, ·]]A, ρ) be a Lie algebroid over a manifold M , with
τA : A → M the vector bundle projection. A tangent vector v to A at the
point a ∈ A is called admissible if ρ(a) = TaτA(v). In addition, a curve in
A is admissible if its tangent vectors are admissible. The set of admissible
tangent vectors to A is represented by A(2).
Notice that A(2) is a subset of the prolongation E of A over τA which
can be written as
A(2) = {(a, va) ∈ A× TA | ρ(a) = TτA(va)} ⊂ E.
Given (a, b, va) ∈ E such that ρ(a) = TτA(va), we have the two canoni-
cal inclusions
iTA : A
(2) →֒ TA, iE : A
(2) →֒ E
(a, va) 7−→ va (a, va) 7−→ (a, a, va).
In the context of our work, A(2) plays the role of the second order
tangent bundle used in classical mechanics [28]. In local coordinates, the set
A(2) is characterized by the condition
{(xi, yα; zα, vα) ∈ E | yα = zα}
and hence (xi, yα, vα) are considered local coordinates on A(2).
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3. Lagrangian submanifolds generating second-order dynamics
3.1. The prolongation of a prolongated Lie algebroid
Given a Lie algebroid A and the A-tangent bundle E, we construct the pro-
longation of E over τ1A : E → A, a Lie algebroid over E denoted by T
τ1AE and
with τ2A : T
τ1AE → E representing the bundle projection. Since the prolon-
gation over a fiber map of a Lie algebroid is a Lie algebroid, T τ
1
AE is indeed
a Lie algebroid. We have
T τ
1
AE =
{
(z, y, χ) ∈ E × E × TE | τ1A(z) = τ
1
A(y), χ ∈ TzE, ρτ1A(y) = Tzτ
1
A(χ)
}
=
{
(z, χ) ∈ E × TE | ρτ1
A
(z) = Tτ1A(χ)
}
. (3)
As we refer before, a basis of sections of A brings a local basis of sections
of E given by (1) which induces local coordinates (xi, yα; zα, vα) on E. From
this basis, we construct a local basis of sections of T τ
1
AE as follows: consider
s = (a, vb) ∈ E and define the element of the basis {X
1
α,X
2
α,V
1
α,V
2
α} as
X 1α(s) =
(
Xα(b), ρ
i
α
∂
∂xi
∣∣∣
s
)
,X 2α(s) =
(
0,
∂
∂zα
∣∣∣
s
)
,
V1α(s) =
(
Vα(b),
∂
∂yα
∣∣∣
s
)
, V2α(s) =
(
0,
∂
∂uα
∣∣∣
s
)
.
The Lie algebroid structure of (T τ
1
AE, [[·, ·]]τ2A , ρτ2A) is characterized by
ρτ2
A
(X 1α) = ρ
i
α
∂
∂xi
, ρτ2
A
(X 2α) =
∂
∂zα
, ρτ2
A
(V1α) =
∂
∂yα
, ρτ2
A
(V2α) =
∂
∂uα
,
and the Lie bracket of sections, where the unique non-zero Lie brackets of
sections are [[X 1α,X
1
β ]]τ2A = C
γ
αβX
1
γ , for all α, β and γ. Such a basis induces
local coordinates (xi, yα, zα, vα; eα; dα, wα, z¯α) on T τ
1
AE.
Consider
T τ
1
AE∗ =
{
(w∗, zw) ∈ E
∗ × TE | ρτ1
A∗
(w∗) = Tτ1A(zw)
}
. (4)
Similarly, from the basis of sections of E∗ given by (2), we define the basis
of sections of T τ
1
AE∗, denoted {Y1α,Y
2
α, (P
α)1, (Pα)2}, as follows:
Y1α(s¯) =
(
Yα(b
∗), ρiα
∂
∂xi
∣∣∣
s¯
)
, Y2α(s¯) =
(
0,
∂
∂pα
∣∣∣
s¯
)
,
(Pα)1(s¯) =
(
Pα(b∗),
∂
∂yα
∣∣∣
s¯
)
, (Pα)2(s¯) =
(
0,
∂
∂p¯α
∣∣∣
s¯
)
,
where s¯ = (a, vb∗) ∈ E
∗ and (xi, yα; pα, p¯α) are local coordinates on E
∗
induced by the its basis of sections. It follows that the Lie algebroid structure
of (T τ
1
AE∗; [[·, ·]]τ2
A∗
ρτ2
A∗
) is determined by the unique non-zero Lie bracket
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[[Y1α,Y
2
α]]τ2
A∗
= CγαβY
1
γ and
ρτ2
A∗
(Y1α) =ρ
i
α
∂
∂xi
, ρτ2
A∗
(Y2α) =
∂
∂pα
,
ρτ2
A∗
((Pα)1) =
∂
∂yα
, ρτ2
A∗
((Pα)2) =
∂
∂p¯α
.
Moreover, local coordinates (xi, yα, pα, p¯α; q
α, q¯α; lα, l¯α) on T
τ1AE∗ are
induced by the above basis.
Next, we introduce a result which allows us to consider a Lie algebroid
that plays a fundamental role in the framework of this work (see [24] for the
proof).
Lemma 3.1. Consider the Lie algebroid E = T τAA over A with projection
τ1A : E → A and the Lie algebroid T
τ1AE over E. If N is a submanifold
of E with inclusion iN : N → E and the anchor map ρτ2A : T
τ1AE → TE
has constant rank, then the vector bundle AN = ρ
−1
τ2
A
(TN) determined by
τ2A
∣∣
ρ
−1
τ2
A
(TN)
: AN → N is a Lie subalgebroid over N , where τ
2
A : T
τ1AE → E
is the bundle projection.
Remark 3. Observe that when A = TM, the prolongation E = TTM is a
Lie algebroid over TM with projection τTM : TTM → TM and T (TTM)
is a Lie algebroid over TTM with canonical projection τTA : TE → TA. If
N is a submanifold of TTM , then TN is a Lie subalgebroid of TE over N .
Hence, for N = T (2)M , the second-order tangent bundle of a manifold M ,
we get that AN = T (T
(2)M) is a Lie subalgebroid of T (TTM) over T (2)M .
Consider N as being the set of admissible elements of A, N = A(2), lo-
cally determined by the induced coordinates (xi, yα, vα), where (xi, yα; zα, vα)
are local coordinates on E and ρτ1
A
(xi, yα; zα, vα) = (xi, zα, ρiαy
α, vα). There-
fore, the induced coordinates on the Lie subalgebroid ρ−1
τ2
A
(TA(2)) are given
by (xi, zα, vα, ρiαy
α, u¯α, wα).
3.2. Tulczyjew’s isomorphisms
Here we present two vector bundle isomorphisms with the aim of extend
Tulczyjew’s triple proposed in [21] to a prolongation Lie algebroid as a gen-
eralization of Tulczyjew’s symplectomorphisms [32]. For this, we just need to
specify the construction of [21] to our situation, since E is a Lie algebroid
and with that we achieve an important step in our construction.
The vector bundle isomorphisms to consider, αE : T
τ1A∗E → (T τ
1
A∗E)∗
and βE∗ : T
τ1A∗E → (T τ
1
A∗E)∗, are defined in such a way the following
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diagram is commutative,
E
✑
✑
✑✰
✑
✑
✑✰
E∗
(τ2A)
∗
τ2A∗
(τ2A∗)
∗◗
◗
◗s pr1
◗
◗
◗s
(T τ
1
AE)∗
αE βE∗
✛
T τ
1
A∗E
✲ (T τ
1
A∗E)∗
(5)
The vector bundle isomorphism βE∗ is determined by
βE∗(v, z) = i(v, z)(ΩE(τ
2
A∗(v, z))),
for (v, z) ∈ T τ
1
A∗E with v = (b, va) ∈ E and z ∈ TvE
∗, being ΩE the canonical
symplectic section of T τ
1
A∗E.
In order to define αE , we need to introduce first a canonical involution.
Let (v, w) be a point in (T τ
1
AE)e with e ∈ Ex, x ∈ A, that is, τ
2
A(v, w) = e
such that x = τ1A(e) = τ
1
A(v). Hence, there exists one and only one tangent
vector v˜ ∈ TvE such that v˜(f ◦ τ
1
A) = (d
Ef)(x)(e) for f ∈ C∞(A) and thus
(e, v˜) is an element of (T τ
1
AE)v. Indeed, the vector v˜ projects to ρτ1A(e), since
((Tvτ
1
A)(v˜))f = ρτ1A(e)f for all f ∈ C
∞(A).
Definition 3.2. The canonical involution associated with the Lie algebroid A
is the smooth involution σE : T
τ1AE → T τ
1
AE given by σE(v, w) = (e, v˜).
Notice that, the map σE satisfies σ
2
E = Id and p¯r ◦ σE = τ
2
A, where
p¯r : T τ
1
AE → E is the canonical projection onto E.
The canonical involution allows us to define the vector bundles isomor-
phism αE : T
τ1A∗E → (T τ
1
AE)∗ as follows: let 〈·, ·〉 : E×E∗ → R be the pair-
ing given by 〈w,w∗〉 = w∗(w), for w ∈ Ex and w
∗ ∈ E∗x, with x ∈ A. If v ∈ E,
(v, zw) ∈ (T
τ1AE)∗v and (v, zw∗) ∈ (T
τ1A∗E)v, then (zw, zw∗) ∈ T(w,w∗)(E×E
∗)
where
T(w,w∗)(E×E
∗) = {(z′w, z
′
w∗) ∈ TwE×Tw∗E
∗ | (Twτ
1
A)(z
′
w) = (Tw∗τ
1
A∗)(z
′
w∗)}.
We may now consider the map T˜ 〈·, ·〉 : (T τ
1
AE)∗ × T τ
1
A∗E → R defined
by
T˜ 〈·, ·〉((v, zw); (v, zw∗)) = dt〈w,w∗〉((T(w,w∗)〈·, ·〉)(zw, zw∗)),
where t ∈ R and T 〈·, ·〉 : T (E × E∗) → TR is the tangent map to the
pairing. The pairing induces an isomorphism between the vector bundles
T τ
1
AE → E and (T τ
1
A∗E)∗ → E which we also denote by T˜ 〈·, ·〉, that is,
T˜ 〈·, ·〉 : T τ
1
AE → (T τ
1
A∗E)∗, because this is a non-singular pairing (see [21]).
Hence, we can consider the isomorphism of vector bundles α∗E : T
τ1AE →
(T τ
1
A∗E)∗ given by
α∗E = ˜T< ·, · > ◦ σE ,
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with σE : T
τ1AE → T τ
1
AE the canonical involution. Finally, the isomor-
phism αE : T
τ1A∗E → (T τ
1
AE)∗ between the vector bundles T τ
1
A∗E → E
and (T τ
1
AE)∗ → E is considered simply as the dual map to α∗E : T
τ1AE →
(T τ
1
A∗E)∗. The diagram (5) is designed by Tulczyjew’s triple for the prolon-
gated Lie algebroid T τ
1
AE.
By considering adapted coordinates (xi, yα, pα, p¯α; q
α, q¯α, lα, l¯α) from
the basis of sections {Y
(1)
α ,Y
(2)
α , (Pα)(1), (Pα)(2)} of T τ
1
AE∗, the local repre-
sentation of αE is given by
αE(x
i, yα, pα, p¯α; q
α, q¯α, lα, l¯α) = (x
i, yα, qα, q¯α; lα + C
γ
αβpγq
β , l¯α, pα, p¯α).
(6)
Remark 4. If A = TM, then E = TTM and it is straightforward to note
that the vector bundle isomorphisms αTTM : T (T
∗TM) → T ∗(TTM) and
β(TTM)∗ : T (T
∗TM) → T ∗(T ∗TM) are the ones constructed by Leo´n and
Lacomba in [20].
3.3. Lagrangian submanifolds generating second-order Lagrangian dynamics
Recall that given a finite-dimensional symplectic manifold (M,ω) and a sub-
manifold N of M , with canonical inclusion iN : N →֒ M , then N is a La-
grangian submanifold if i∗N ω = 0 and dim N =
1
2dim M .
It is well know that given a manifold M and a function S : M → R,
the submanifold Im dS ⊂ T ∗M is Lagrangian [34]. There is a more general
construction of the authors S´niatycki and Tulczyjew [31] (see also [32] and
[33]) which we use to generate the dynamics.
Theorem 3.3 (S´niatycki and Tulczyjew [31]). Let M be a smooth manifold,
N ⊂M a submanifold, and S : N → R. Then,
ΣS =
{
µ ∈T ∗M | πM (µ) ∈ N and
〈µ, v〉 = 〈dS, v, 〉 for all v ∈ TN ⊂ TM such that τM (v) = πM (µ)
}
is a Lagrangian submanifold of T ∗M , where πM : T
∗M → M and τM :
TM →M denote the cotangent and tangent bundle projections, respectively.
Turning back to the Lie algebroid formulation, consider a Lagrangian
function L : A(2) → R and the following Lagrangian Lie subalgebroid of
(T τ
1
AE)∗ (see Appendix A)
ΣAN = {µ ∈ (T
τ1AE)∗ | i∗ANµ = d
ANL},
where AN = ρ
−1
τ2A
(TN), iAN : AN → T
τ1AE is the canonical inclusion and
N = A(2). Here dAN denotes the differential operator of the Lie subalgebroid
AN over A
(2).
Consider induced coordinates (xi, yα; zα, vα) on E. As we commented
before, the set of admissible elements is characterized by the condition yα =
zα and induced coordinates on A(2) are (xi, yα, vα). Locally, the submanifold
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ΣAN is characterized by
µα = ρ
i
α
∂L
∂xi
(7)
µ¯α + µˇα =
∂L
∂yα
(8)
µ˜α =
∂L
∂vα
(9)
where {µα, µ¯α, µˇα, µ˜α} are sections of (T
τ1AE)∗.
The following result gives rise to a special Lagrangian submanifold. Such
a Lie submanifold generates the dynamics for systems defined on A(2) and it
is a result consequence of Corollary 8.3 in [21].
Proposition 1. SL = α
−1
E (ΣAN ) = {x ∈ T
τ1A∗E | αE(x) ∈ ΣAN} ⊂ T
τ1A∗E is
a Lagrangian submanifold of T τ
1
A∗E.
Given a Lagrangian L, the Lagrangian submanifold SL determines an
implicit differential equation on T τ
1
A∗E. A curve γ in SL, which maps t ∈ R 7→
(γ1(t), γ2(t)) ∈ SL, is called a solution of the Lagrangian problem determined
by L : A(2) → R if the curve γ2 : I → TE
∗, t 7→ γ2(t) is a tangent lift; that
is, γ2(t) = c˙(t), where c : I → E
∗ is a curve in A∗ given by Tτ1A∗ ◦ γ2, with
Tτ1A∗ : TE
∗ → E∗ the canonical projection.
To obtain solutions of the dynamics given by SL it is needed to extract
the integrable part from a sequence of submanifolds of T τ
1
A∗E; that is, if
τ2A∗ : T
τ1A∗E → E∗ then the algorithm is given by (see Remark 3.1 in [16]
and Appendix B):
S0 := SL, S
1 = S0∩ρ−1
τ1
A
(T (τ2A∗(S
0))), . . . , S(l+1) = Sl∩ρ−1
τ1
A
(T (τ2A∗(S
l))), . . .
When the algorithm stabilizes, one obtains the second-order Euler-
Lagrange equations on Lie algebroids.
Denoting by (xi, yα, pα, p¯α; z
α, vα; lα, l¯α) induced coordinates by the ba-
sis of sections of T τ
1
AE∗, {Y
(1)
α ,Y
(2)
α , (Pα)(1), (Pα)(2)} and using the expres-
sion of Tulczyjew’s isomorphism and the condition yα = zα, equation (7), (8)
and (9) are equivalents to
lα + C
γ
αβpγz
β = ρiα
∂L
∂xi
, (10)
l¯α + pα =
∂L
∂yα
, (11)
p¯α =
∂L
∂vα
. (12)
Differentiating with respect to the time equation (12), using the condition
˙¯pα = l¯α and replacing into (11) we have that
pα =
∂L
∂yα
−
d
dt
(
∂L
∂vα
)
. (13)
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Differentiating with respect to time the last equation, using the condi-
tion p˙α = lα and replacing into (10) we obtain that
d
dt
(
∂L
∂yα
)
−
d2
dt2
(
∂L
∂vα
)
+ Cγαβpγz
β = ρiα
∂L
∂xi
.
Finally, replacing in the last equation the equation (13), we obtain that
d2
dt2
(
∂L
∂vα
)
− Cγαβz
β ∂L
∂yα
+ Cγαβz
β d
dt
(
∂L
∂vα
)
+ ρiα
∂L
∂xi
−
d
dt
(
∂L
∂yα
)
= 0.
We summarize the previous derivation as follow:
Proposition 2. Let A be a Lie algebroid over M with bundle projection τA :
A→M , Cγαβ, ρ
i
α the constant structures defined from the Lie algebroid struc-
tures of A and (xi, yα, vα)local coordinates on A(2). The second-order Euler-
Lagrange equation for the Lagrangian L : A(2) → R; are given by
ρiαy
α =
dxi
dt
, vα =
dyα
dt
,
0 =
d2
dt2
∂L
∂vα
+ Cγαβy
β d
dt
(
∂L
∂vα
)
−
d
dt
∂L
∂yα
− Cγαβy
β d
dt
(
∂L
∂yα
)
+ ρiα
∂L
∂xi
.
3.3.1. Extension to constrained systems. Let A be a Lie algebroid of rank n
over a manifold M of dimension m; E the prolongation Lie algebroid of A
over τA : A → M with rank 2n and L : A
(2) → R be a Lagrangian function
defined on the set of admissible elements. Consider M⊂ A(2), an embedded
submanifold of A(2) given by the vanishing of m¯ independent constraints
functions ΨA : M → R, A = 1, . . . , m¯. Assume the constraints can be
written as
vA = ΨA(xi, yα, va), 1 ≤ A ≤ m¯; m¯+ 1 ≤ a ≤ n; 1 ≤ α ≤ n.
Then, (xi, yα, va) are local adapted coordinates for the submanifold M of
A(2). Denote by iM :M→ E the inclusion on E given by
iM(x
i, yα, va) = (xi, yα, bα, va,ΨA(xi, yα, va)).
As with unconstrained systems, we can construct the submanifold of
(T τ
1
AE)∗ as
ΣM = {µ ∈ (T
τ1AE)∗ | i∗Mµ = d
NL}.
Locally, it is determined by
µ
(1)
i = ρ
i
α
∂L
∂xi
− µ
(4)
A ρ
i
α
∂ΨA
∂xi
,
µ(2)α + µ
(3)
α =
∂L
∂yα
− µ
(4)
A
∂ΨA
∂yα
,
µ(4)a =
∂L
∂va
− µ
(4)
A
∂L
∂va
.
Therefore it is possible to construct the Lagrangian submanifold
SL = α
−1
E (ΣM) = {x ∈ T
τ1A∗E | α−1E (x) ∈ ΣM},
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and following the same procedure as before, it is possible to obtain the fol-
lowing system of differential equations
lα + C
γ
αβpγq
β = ρiα
∂L
∂xi
− µ
(4)
A ρ
i
α
∂ΨA
∂xi
,
l¯α + pα =
∂L
∂yα
− µ
(4)
A
∂ΨA
∂yα
,
p¯α =
∂L
∂va
− µ
(4)
A
∂ΨA
∂va
.
Differentiating with respect the time the last equation, using the condition
˙¯pα = l¯α and replacing in the second equation we obtain that
pα =
∂L
∂yα
− µ
(4)
A
∂ΨA
∂yα
−
d
dt
(
∂L
∂va
)
+ µ˙
(4)
A
∂ΨA
∂va
+ µ
(4)
A
d
dt
(
∂ΨA
∂va
)
and using that p˙α = lα we have that
0 =
d
dt
(
∂L
∂yα
)
− µ˙
(4)
A
∂ΨA
∂yα
− µ
(4)
A
d
dt
(
∂ΨA
∂yα
)
−
d2
dt2
(
∂L
∂va
)
+ µ¨
(4)
A
∂ΨA
∂va
− ρiα
∂L
∂xi
+ 2µ˙
(4)
A
d
dt
(
∂ΨA
∂va
)
+ µ
(4)
A
d2
dt2
(
∂ΨA
∂va
)
+ Cγαβy
β ∂L
∂yα
− Cγαβy
βµ
(4)
A
∂ΨA
∂yα
− Cγαβy
β d
dt
(
∂L
∂va
)
+ Cγαβy
βµ˙
(4)
A
∂ΨA
∂va
+ Cγαβy
βµ
(4)
A
d
dt
(
∂ΨA
∂va
)
+ µ
(4)
A ρ
i
α
∂ΨA
∂xi
.
The former equations together equations
ρiαy
α =
dxi
dt
, va =
dya
dt
, vA = ΨA(xi, yα, va)
are the second-order constrained Euler-Lagrange equations for L : A(2) → R.
4. Examples
Example 1. Consider the Lie algebroid TM,with vector bundle projection
denoted by τTM : TM →M. The prolongation of TM over τTM isE = TTM .
The prolongation of E over the bundle projection τ(TTM)∗ : (TTM)
∗ → TM
is T (T ∗TM) and TE is a Lie algebroid over E. If N ⊂ TTM is a submanifold
of TTM, then τT (TTM) |TN : TN → N is a Lie subalgebroid over N. The set
of admissible elements is identified with the second order tangent bundle
T (2)M. Therefore, considering N = T (2)M with local coordinates (xi, yi, vi),
T (T (2)M) is a Lie subalgebroid over T (2)M .
Local coordinates on T ∗(TTM) denoted by (xi, yi, x˙i, y˙i, pxi , p
y
i , p
x˙
i , p
v
i ).
The vector bundles isomorphisms αTTM : T (T
∗TM) → T ∗(TTM) and
β(TTM)∗ : T (T
∗TM)→ T ∗(T ∗TM) are given by
αTTM
(
xi, yi, pxi , p
y
i , x˙
i, y˙i, p˙xi , p˙
y
i
)
= (xi, yi, x˙i, y˙i, pxi , p
y
i , p˙
x
i , p˙
y
i );
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β(TTM)∗
(
xi, yi, pxi , p
y
i , x˙
i, y˙i, p˙xi , p˙
y
i
)
= (xi, yi, pxi , p
y
i ,−p˙
x
i ,−p˙
y, x˙i, y˙i).
The Lagrangian Lie subalgebroid ΣT (2)M is given by
ΣT (2)M = {µ ∈ T
∗(TTM) | i∗TNµ = d
NL} ⊂ T ∗(TTM)
where µ = (xi, yi, x˙i, y˙i, pxi , p
y
i , p˙
x
i , p˙
y
i ) and iTN : TN → T (TTM) is the
canonical inclusion. Therefore,
SL = α
−1
TTM (ΣT (2)M ) = {x ∈ T (T
∗TM) | αTTM (x) ∈ ΣT (2)M}
is a Lagrangian submanifold of T (T ∗TM) and ΣT (2)M is locally characterized
by the equation
pxi =
∂L
∂xi
, p
y
i + p˙
x
i =
∂L
∂yi
, p˙
y
i =
∂L
∂vi
.
Proceeding as in Section 3.3, we recover the geometric formulation of the
second-order Euler-Lagrange equations obtained by de Leo´n and Lacomba in
[20]. In particular, the second-order Euler-Lagrange equations reduce to
0 =
∂L
∂xi
+
d2
dt2
(
∂L
∂vi
)
−
d
dt
(
∂L
∂yi
)
, yi = x˙i, vi =
d
dt
x˙i.
Assume we have some constraint functions vA = ΨA(xi, yα, va) ,at this point,
it is a direct computation to corroborate that the second-order constrained
equations are
0 =
d
dt
(
∂L
∂yA
)
− µ˙(4)α
∂Ψα
∂yA
− µ(4)α
d
dt
(
∂Ψα
∂yA
)
−
d2
dt2
(
∂L
∂va
)
+ µ¨(4)α
∂ΨA
∂va
+ 2µ˙(4)α
d
dt
(
∂Ψα
∂va
)
+ µ(4)α
d2
dt2
(
∂Ψα
∂va
)
−
∂L
∂xA
+ µ(4)α
∂ΨA
∂xA
,
together with vα = Ψα(xA, yA, va), yi =
dxi
dt
, va =
dya
dt
.
Example 2. Consider the Lie algebroid given by a finite dimensional real Lie
algebra g over a point g, where τg : g → {g} denotes the bundle projec-
tion. The fiber of the prolongation T τgg which contain the element ξ ∈ g is
g× Tξg, that is, T
τgg =
⋃
ξ∈g
(g× Tξg) and the structure of the Lie algebroid
(T τgg, [[·, ·]], ρg) over g is characterized by the bracket of sections and anchor
map: [[(ξ,X), (η, Y )]] = ([ξ, η]g, [X,Y ]), and ρg(ξ,X) = X for any ξ, η ∈ g
and X,Y ∈ X(g).
Given a basis of section on g it is possible to induce local coordinates
(ξ1, ξ2, ξ3) on the prolongation Lie algebroid, where T
τgg = g× g× g =: 3g.
The bundle projection is denoted by τ1
g
and defined to be the projection onto
the first factor; and the anchor map ρ1
g
: 3g→ Tg is given by ρ1
g
(ξ1, ξ2, ξ3) =
(ξ1, ξ3). The set of admissible elements is given by g
(2) = g× g =: 2g, where
the inclusion i3g : 2g→ 3g is i3g(ξ, η) = (ξ, ξ, η).
Note that E∗ = g∗ and denoting by τg∗ : g
∗ → {g} we have T τg∗g =
g × g∗ × g∗ =: g × 2g∗, a Lie algebroid over g∗, with bundle projection
determined by the projection onto the second factor, that is, τ1
g∗
: g×2g∗ → g∗
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is given by τ1
g∗
(ξ, µ1, µ2) = µ2. Note also that T
τ1
g (T τgg) ≃ 7g is a Lie
algebroid over 3g. Lemma 3.1 tell us that by considering the submanifold of
3g determined by the set of admissible elements 2g, then AN = ρ
−1
2 (T (2g))
is a Lie subalgebroid over 2g, where ρ2 : 7g→ 3g×T (3g) denotes the anchor
map of the Lie algebroid 7g over 3g. Consider the following identifications
that locally provide (3) and (4)
(
T τ
1
g (3g)
)∗
≃ 3g × 4g∗, T τ
1
g∗ (3g) ≃ (g ×
2g∗)× (2g× 2g∗), and
(
T τ
1
g∗ (3g)
)∗
≃ (2g∗ × g)× (2g∗ × 2g).
Denoting by r¯ = (ξ, p, p¯, q, q¯, l, l¯) an element of (g×2g∗) the Tulczyjew’s
symplectomorphism is given by α3g(r¯) = (ξ, l + ad
∗
qp, l¯, q, q¯, p, p¯) ∈ (2g
∗ ×
g)× (2g∗ × 2g). Therefore, for γ¯ = ((µ1, µ2, ξ1), (µ3, µ4, ξ2, ξ3)) ∈ (2g
∗ × g)×
(2g∗ × 2g),
α−13g (γ¯) = (ξ1, µ3 − ad
∗
ξ3
µ1, µ4, µ2, ξ2, ξ3, µ1, µ2).
The dynamics on Σ2g ⊂ (2g
∗ × g)× (2g∗ × 2g) is locally described by
µ3 = ad
∗
ξ3
µ1, µ4 =
∂L
∂ξ1
− µ1, µ2 =
∂L
∂ξ2
.
Proceeding as in Section 3.3, and using the identification ξ1 = ξ3 the
second-order Euler-Lagrange equations for a Lagrangian L : 2g→ R are
d2
dt2
(
∂L
∂ξ2
)
−
d
dt
(
∂L
∂ξ1
)
= ad∗ξ1
(
d
dt
(
∂L
∂ξ2
))
− ad∗ξ1
(
∂L
∂ξ1
)
.
Appendices
Appendix A:
The aim of this Appendix consists on discuss the existence of a Lagrangian
Lie subalgebroid used in Section 3.3. More precisely, if (A, [[·, ·]], ρ) is a Lie
algebroid over M , the submanifold ΣAN ⊂ (T
τ1AE)∗, given by
ΣAN = {µ ∈ (T
τ1AE)∗ | i∗ANµ = d
ANL},
where AN = ρ
−1
τ2A
(TN), iAN : AN → T
τ1AE is the canonical inclusion and
N = A(2) is a Lagrangian Lie subalgebroid of (T τ
1
AE)∗.
First we recall the construction done in Section 7 [21] and then we apply
it to our situation.
Denote (xi) local coordinates on M , i = 1, . . . , n = dim(M) {eα} with
α = 1, . . . ,m = rank(A) a basis of sections of A and {eα} its dual, a basis
of A∗ over M . In this basis, the differential of a smooth function on M ,
f : M → R is given by dAf = ∂f
∂xi
ρiαe
α ∈ Γ(A∗). Both basis induce local
coordinates on A and A∗ respectively, denoted by (xi, yα) ∈ A and (xi, pα) ∈
A∗ respectively.
Define the submanifold of A∗ determined by S = Im(dAf). Local coordi-
nates on S are induced by the basis {eα} as
(
xi,
∂f
∂xi
ρiα(x)
)
∈ A∗ describing
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locally the submanifold S as
S = Im(dAf) =
{
(xi, pα) ∈ A
∗|pα =
∂f
∂xi
ρiα
}
From Section 2 we know that The prolongation T τA∗A of A over the
vector bundle projection τA∗ : A
∗ →M is a symplectic Lie algebroid. Besides
this, if x ∈ M then jx : TA
∗
x → T
τA∗A, ix : A
∗
x → A
∗ is a Lagrangian Lie
subalgebroid of T τA∗A, where jx and ix are defined by
jx(v) = (0(x), v), ix(α) = α,
for v ∈ TA∗x, α ∈ A
∗
x, with 0 : M → A the zero section of A (see [21], Section
7).
For γ ∈ Γ(A∗), denote by Fγ the vector bundle over γ(M) given by
Fγ = {(b, (Tγ)(ρ(b))) ∈ A× TA
∗ | b ∈ A} (14)
and by jγ : Fγ → T
τA∗A and iγ : γ(M) → A
∗ the canonical inclusions. The
pair ((Id, T γ ◦ ρ), γ) is an isomorphism between the vector bundles A and
Fγ , where the map (Id, T γ ◦ ρ) : A→ Fγ is given by
(Id, T γ ◦ ρ)(b) = (b, T γ(ρ(b))), for b ∈ A.
Hence, Fγ is a Lie algebroid over γ(M). In [21] (Proposition 7.3) it was shown
that if γ ∈ Γ(A∗) then jγ : Fγ → T
τA∗A, iγ : γ(M) → A
∗ is a Lagrangian
Lie subalgebroid over γ(M) ⊂ A∗ of the symplectic Lie algebroid T τA∗A over
A∗ if and only if dAγ = 0.
Next we will apply the previous construction and the result in Propo-
sition 7.3 of [21] to our situation. Consider the map γ = dAf ∈ Γ(A∗), then
γ(M) = ImdAf = Imγ. The map Tγ : TM → TS = T (ImdAf) is given by
Tγ(xi, x˙i) =
(
xi, ρiα
∂f
∂xi
, x˙i,
∂2f
∂xi∂xj
x˙jρiα +
∂f
∂xi
∂ρiα
∂xj
ρ
j
βy
β
)
.
Therefore Fγ is locally described by
Fγ =
{
(xi, yα, pα, p¯α) ∈ T
τA∗A|
pα = ρ
i
α
∂f
∂xi
, p¯α =
∂2f
∂xi∂xj
x˙jρiα +
∂f
∂xi
∂ρiα
∂xj
ρ
j
βy
β
}
.
Since dAγ = (dA)2f = 0 by Proposition 7.3, [21] F(ImdAf) is a La-
grangian Lie subalgebroid over S of the symplectic Lie algebroid T τ
∗
AA. This
also implies that rank(Fγ) =
1
2 rank(T
τA∗A) and Ωi(a∗) |j(Fγ )×j(Fγ)= 0 for
a∗ ∈ S = γ(M) = ImdAf .
By Lemma 3.1 if N is a submanifold of M , AN = ρ
−1(TN) is a Lie
algebroid over N . Consider local coordinates (xj) on N with j = 1, . . . , k < n
and iN (x
j) = (xj , xI = 0) ∈M , with I = 1, . . . , n− k.
Denote by {σa} a basis of section for AN and extend this to M such
that ea : M → A satisfies ea|N = σa. Therefore, we can complete this basis
to a basis of section for A, {ea, eA} = {eα}. This basis of sections induce
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local coordinates (xj , xI , ya, yA) on A. Therefore, AN is locally described by
(xj , xI = 0, ya, yA = 0), that is, (xj , ya) are local coordinates on AN .
For f ∈ C∞(M) we have that dAN f = ∂f
∂xj
ρjae
a where {ea, eA} is the
dual basis of {ea, eA}. The basis {e
a, eA} indeces local coordinates (xj , pa)
on A∗N . Then, if we denote by S˜ = Im d
AN f , S˜ is locally described by
S˜ =
{
(xj , pa) ∈ A
∗
N |pa =
∂f
∂xj
ρja
}
∈ A∗N ,
with canonical inclusion on A∗ determined by (xj , 0, ρja
∂f
∂xj
, pA) ∈ A
∗.
Consider the prolongation of A by τA∗
N
: A∗N → N
T
τA∗
NA =
{
(b, pa∗) ∈ A× Ta∗A
∗
N |ρ(b) = (TτA∗N )(pa∗)
}
,
a Lie algebroid over A∗N . Given an element a
∗ ∈ A∗, a∗ = e∗ae
a + e∗Ae
A we
construct the basis of section {e˜a, e˜A, e¯a, e¯A} by
e˜a(a
∗) =
(
e∗a, eα(τA∗(e
∗
a)), ρ
j
α
∂
∂xj
∣∣∣
a∗
)
, e˜A(a
∗) = (e∗A, eα(τA∗(e
∗
A)), 0)
e¯a(a
∗) =
(
e∗a, 0,
∂
∂pa
∣∣∣
a∗
)
, e¯A(a
∗) =
(
e∗A, 0,
∂
∂pA
∣∣∣
a∗
)
.
Denoting by {e˜a, e˜A, e¯a, e¯A} the dual basis of the basis given before,
a basis of (T τ
∗
ANA)∗ we have that the Liouville section is determined by
λAN (x
j , xI , pa, pA) = pae˜
a + pAe¯
A and the canonical symplectic section of
the Lie algebroid T τ
∗
ANA is locally described by
ΩAN = −d
RλAN = e˜
a ∧ e¯a + e˜a ∧ e¯a + e˜a ∧ e¯A +
1
2
Ccabpce˜
a ∧ e˜b
where R = T τ
∗
ANA. Note that dRf = ρja
∂f
∂xj
e˜a+ ∂f
∂pa
e¯a+ ∂f
∂pA
e¯A, f ∈ C∞(A∗N ),
dRe˜a = − 12C
c
abe˜
a ∧ e˜b, dRe˜A = − 12C
c
AB e˜
A ∧ e˜B, dRe¯a = 0, dRe¯A = 0 and
dRΩAN = 0 because d
2 = 0 since R is a Lie algebroid over A∗N . Therefore
T τ
∗
ANA is a symplectic Lie algebroid. Next, defining
FS =
{
(b, w) ∈ A× TA∗|w ∈ TS, b ∈ AN , ρ(b) = TτA∗
N
(w)
}
⊂ T
τA∗
NA
where S = {a ∈ A∗|i∗AN (a) ∈ Im d
AN f} ⊂ A∗ is a Lagrangian Lie subalge-
broid by Proposition 7.3, [21]. By choosing N = A(2), f = L : A(2) → R and
A before as T τ
1
A(T τAA), ΣAN is a Lagrangian Lie subalgebroid.
Appendix B: Implicit differential equation on Lie algebroids
An implicit differential equation on a general Lie algebroid (A, [[·, ·]], ρ) over
M is a submanifold S ⊂ A (not necessarily a vector subbundle). A solution
of S is any curve γ : I ⊂ R → A, such that (γ(t), γ˙(t)) ∈ S × Tγ(t)S, for
all t ∈ I satisfying d
dt
(τA ◦ γ) = ρ ◦ γ, where τA : A → M is the vector
bundle projection. The implicit differential equation S will be said to be
integrable at a point if there exists a solution γ of S such that the tangent
curve passes through it. Furthermore, the implicit differential equation will
be said to be integrable if it is integrable at all points. The integrable part of
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an implicit differential equation S is the subset of all integrable points of S.
The integrability problem consists in identifying such subset.
A recursive algorithm that allows to extract the integrable part of an
implicit differential equation S (possible empty) was presented in [27] and
extended in the context of Lie algebroids in [16]. We shall define the subsets
S0 = S, C0 = C, and recursively for every k ≥ 1,
Sk = Sk−1 ∩ ρ
−1(TCk−1), Ck = τA(Sk),
then, eventually the recursive construction will stabilize in the sense that Sk =
Sk+1 = ... = S∞, and Ck = Ck+1 = ... = C∞ (Note that by construction that
S∞ ⊂ TC∞). Therefore, provided that the adequate regularity conditions
are satisfied during the application of the algorithm, the implicit differential
equation S∞ will be integrable and it will solve the integrability problem.
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